SEQUENCE
MODULE: 1

Definition: A sequence is a function whose domain is N and whose codomain is R. Given a function f : N R, where  = f(n) is the nth term in the sequence.
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Theorem: Let , and suppose that  = f(n) for large n. Then 
.
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Example:

The terms in the sequence 1, —1, 1, —1, ... 2, = (=1)",

oscillate back and forth infinitely often between 1 and —1, but they do not approach
any fixed limit, so the sequence does not converge. To show this explicitly, note
that for every = € R we have either [z — 1| > 1 or |z 4 1| > 1. It follows that there
is no N € N such that |z, —z| < 1 for all n > N. Thus, Definition fails if

€ =1 however we choose = € R, and the sequence does not converge.
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Examplel. Let s,= 081 nd fx)= loﬂ.
n X

By L'Hospital’s rule,

. logx . 1/x
lim —— = lim — =0.
x—oo X x—oo 1

Hence, lim,_.o logn/n = 0.
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Example 2. Lets, = (1+ 1/n)" and

0= (1+2) =
X

By L'Hospital’s rule, 1 1

1 log(1 +1 X2
lim xlcg(1+—): [Tt R VA I el VS
X

x—00 X—00 1/x x—00 —1/x2

0
o lim (]+7) =el=e
x—00 x

e
hence, lim (] + 7) =e.
n

n—00

=1
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Example: Here are some sequences:

1,8, 27,64, ..., x,=n°

111
1 23T

1, -1, 1, -1

1+1), (H%)Z, (1+%)3, 1":(1+%)".

Note that unlike sets, where elements are not repeated, the terms

in a sequence may be repeated.
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Convergence and limits

Roughly speaking, a sequence (z,,) converges to a limit z if its terms z, get arbitrarily
close to z for all sufficiently large n.

Definition ; A sequence (z,,) of real numbers converges to a limit > € R, written

r= lim z,, or =z,—xasn— oo,
n—oo

if for every € > 0 there exists N € N such that
|zn —z| <€ for all n > N.

A sequence converges if it converges to some limit = € R, otherwise it diverges.
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Theorem: If a sequence converges, then its limit is unique.

Proof. Suppose that (z,) is a sequence such that z, — = and =, — 2’ as n — oco.

Let € > 0. Then there exist N, N’ € N such that
€
|z,,—a:|<§ for alln > N,
|z"—1'|<§ for all n > N’.
Choose any n > max{N, N'}. Then, by the triangle inequality,
|z —2| < |z —zp| + |zn — 2’| < fifce

2 2
Since this inequality holds for all € > 0, we must have |z —

sox =z

Hence the limit is unique.
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Definition  If (z,,) is a sequence then lim ,, = oo, or z,, — 00 as n — oo,
n—so0

if for every M € R there exists N € R such that z,, > M for alln > N.

Also lim z, = —00, or 2, — —00 as n — o0,
n-roo

if for every M € R there exists N € R such that =, <—M for all n > N.

That is, 2, — 00 as n — 0o means the terms of the sequence (z,,) get arbitrarily
large and positive for all sufficiently large n, while z,, — —oo0 as n — oo means
that the terms get arbitrarily large and negative for all sufficiently large n. The

notation ,, — oo does not mean that the sequence converges.
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Example :

The terms in the sequence 1, 8, 27, 64, ..., T, =n

eventually exceed any real number, so n® — oo as n — oo and this sequence

does not converge. Explicitly, let M € R be given, and choose N € N such that
N > M3 (If =00 < M < 1, we can choose N = 1.) Then for all n > N, we have

n® > N? > M, which proves the result.
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Example :

111 1
The terms in the sequence 1, = — - P
o PEENEY ™=

get closer to 0 as n gets larger, and the sequence converges to 0: lim — =

n—sco n

To prove this limit, let € > 0 be given. Choose N € N such that N > 1/e.

(Such a number exists by the Archimedean property of R )-

Then for all n > N
1

ﬁ €,
0.

which proves that 1/n — 0 as n —




